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ABSTRACT 

Growth in broilers has been largely described in the literature by the Gompertz equation. In the 
present study, the von Bertalanffy equation is evaluated with regard to its ability to describe the 
relationship between body weight and age in chickens, and is compared with its limiting cases: the 
Gompertz and the Fabens equations. A total of 60 time course profiles with broilers (male and female) 
and with meat and egg strain pullets and hens taken from the literature were used in the analysis. A 
comparative analysis was carried out based on model behaviour, biologically meaningful parameter 
estimates and statistical performance. The results of this study based on residual sums of squares values 
confirm the initial assumption of the possible limitation of the Gompertz equation with its fixed point 
of inflexion at 1/e (= 0.368) times the final weight. This was especially true for female data profiles. For 
these data profiles, the point of inflexion of the von Bertalanffy equation, which gave a better fit to the 
data than the Gompertz and Fabens equations, occurred at 0.296 to 0.357 of the final weights. 
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INTRODUCTION 

The Gompertz equation has been the function of choice for describing growth in 
broilers over time. Wilson (1977) suggested the Gompertz is applicable to avian 
species. Tzeng and Becker (1981) fitted non-linear and polynomial models to growth 
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data on broiler chickens and observed that the Gompertz gave the best fit to live 
body weight and to carcass weight while the logistic and the von Bertalanffy equa
tions described better the growth of the abdominal fat. However, the latter study 
was aimed primarily at relating growth in abdominal fat to total carcass fat. After 
studying how the Gompertz, von Bertalanffy, logistic and Richards fitted growth 
data, Ricklefs (1985) restricted his attention to the Gompertz model, stating that the 
fitted parameters are difficult to interpret with the Richards and that the growth of 
most galliforms, including poultry, conforms closely to the shape of the Gompertz 
curve. Wiseman and Lewis (1998) employed the Gompertz to survey the patterns 
of growth of body weight and carcass components, and feed intake accumulation. 
They reported that the goodness of fit of the Gompertz, as expressed in terms of 
the proportion of variation in the data accounted for by the equation (R2), was very 
high for major carcass components (0.99-1.0), although the R2 values were conside
rably lower for minor components. 

The Gompertz, however, has the possible limitation of a fixed point of inflexion, 
which occurs at 1/e (= 0.368) times the final weight (France and Thornley, 1984). Von 
Bertalanffy (1957) developed a function to describe growth in animals over time. 
Unlike the Gompertz equation, the von Bertalanffy equation has a flexible (variable) 
point of inflexion which occurs between 0.296 and 0.368 times the final weight. The 
elementary mathematical properties and functional form of the lower extreme of the 
von Bertalanffy (point of inflexion at 0.296 times final weight) were discussed by 
Fabens (1965). In the present study, the von Bertalanffy equation is evaluated with 
regard to its ability to describe the relationship between body weight and age in broil
ers, and is compared with its limiting cases: the Gompertz and the Fabens equations. 
A mathematical derivation of the von Bertalanffy equation is given, and the 3 equa
tions are applied to 60 time course profiles taken from the literature. 

MATERIAL AND METHODS 

Mathematical derivation 

The assumptions are: substrate is non-limiting; growth is the difference between 
the processes of anabolism and catabolism; anabolism is allometrically related to 
body weight W(g)\ catabolism is linearly related to body weight. Formalizing these 
assumptions: 

-^L=[iWb-XW (1) 
dt 

where t is time (i.e. age) (d), and JLL (g1_b/d) andX (/d) are constants of anabolism 
and catabolism, respectively. 
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Von Bertalanffy (1957) restricted the allometric parameter b to the range 
2/3 < b < 1 on theoretical grounds. Putting b - 1 in Equation (1) gives exponential 
growth provided jLt > X > 0. For lower values of b, Equation (1) can be integrated by 
first writing it as: 

f ( — + B g , ^ 
to give the von Bertalanffy equation: 

W = { (u /A) - [ ( m A ) - ^ - b ] e ^ ' - " ) ' ) " < 1 - ' ' ) (2) 

Equation (2) can be expressed in a more compact form by reparameterizing it. 
Let Wf= (\x/X)m-b\ k= X(\-b) and v - (1-b), where (Xu<l/3. * and Wf are 
positive. Equations (1) to (2) become, respectively: 

AW JW{WJ - Wv) ( 3 ) 

dr ~ 

W={Wu

f-{Wu

f- JVv

0)e-kl]l/u (4) 

At f = 0, W= the initial weight; for t W = Wp the final weight. 
The point of inflexion is found by differentiating Equation (3): 

d2W k . n / 
— r = -[(l-v) 
dtz v W dt 

Equating this to zero at time t = t* (the inflexion point), therefore either d Wldt = 0, or: 

W(t = t*) = (1 - M)mWf (5) 

By substituting W= W(t = t*) from Equation (5) and/ = t* into Equation (4) the time 
to inflexion t* is: 

1 W"-W0

V 

,* = ± l n [ _ i L ] ( 6 ) 

The expression (1 - u) 1 A ) determines the proportion of the final size at which the 
inflexion point occurs. When x> = 1/3, (1 - u ) l / u = 0.6673 = 0.296. When v = 0, 
Equation (3) breaks down: but since as D —> 0 the limiting value of [(WfWf - l ] /u 
is ln( WJW), the growth rate becomes kW\n( Wf/W), which is the rate appropriate to 
the Gompertz (France and Thornley, 1984) whose point of inflexion occurs at 1/e 
times W. Therefore, the inflexion point for the von Bertalanffy occurs between 
0.296 and 0.368 of the final weight. 
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The family of curves obtained by varying the parameter u in Equation (4) is 
sketched in Figure 1. The point of inflexion is able to occur between 0.296 and 
0.368 of the final body weight [Equation (5)], as u varies over the range 0 < d < 1/3. 

5000 

Models fitted 

The growth functions fitted in this study take the form: 

Gompertz: 

W=(Wf- ^)exp(-exp(-£( ; - ;*))), 

Fabens: 

W = [{Wf)m{\ - Ae-kt)}\ 

von Bertalanffy: 
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where t is time, W. is the final weight, WQ is the initial weight, t* is the time at which 
the growth rate is at its maximum and k (/d), A and v> (both dimensionless) are 
constants. Some properties of these growth equations are shown in Table 1. 

TABLE 1 
Some properties of the different growth equations 

Growth equations Growth rate Time to inflexion Weight at inflexion 
(dW/df) (t*) (W*) 

Gompertz 

Fabens 

von Bertalanffy 

\y 1 W -W 
kW\n(-*-) - [ ln( ln(— - ) ] 0.368 Wf 

W k Wo ' 

^ l n [ A - - l ] [ M i H ] 0.296W 
W k 1 

i w;-w0° 
\iWUv>-\W ^ l n [ v W v ] (\-\))^Wf 

Experimental data 

A total of 60 time course profiles with broilers (male and female) and with meat 
and egg strain pullets and hens, were taken from the literature and used in this 
study. Details of the sources, growth phases, sex, strain and some dietary charac
terizations of the experimental data are given in Table 2. 

Statistical procedures 

The growth functions were fitted to the data using the non-linear fitting proce
dures of Sigmaplot (SPSS, 1998). A number of statistical analyses were used to 
evaluate the general goodness-of-fit of each model. The F 2 (adjusted R2) was cal-

RSS/(/?-/7) 
culated as 1 s2(n-\) ' w h e r e RSS (residual sum of squares) is a measure of the 

variability in liveweight remaining after the age variable (the regressor variable) 
has been considered, n is number of data points, p is number of parameters inclu
ded in the model and 5 2 (the total variation of the ^-variable) is a measure of the 
variability in liveweight without considering the effect of the age variable. The RSS 
was used to compare two different models when fitted to the data. The statistical 
significance between models in terms of the goodness-of-fit was assessed using an 
F-test described by Motulsky and Ransnas (1987) for comparing two models with 
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TABLE 2 
Data sources used in the study 

Growth c P Y i 
Source phase 

d M F 
Strain Considerations 

Ajang et al. (1993) 7-48 6 6 Broilers Different dietary 
protein content 

Grey et al. (1982) 21-364 1 1 Ross 1 -
Hancock et al. (1995) 0-77 6 6 Hubbard, Hybro, 

Ross 708, 788, 608 
and 688 

Leeson and Summers (1980) 0-70 1 1 Broilers -
NRC (1994)2 7-70 1 1 Broilers -
Plavink and Hurwitz (1983) 7-70 1 1 White Rock -
Waldroup et al. (1976) 7-63 6 6 Broilers Different starter 

and finisher diets 
Wiseman and Lewis (1998) 0-70 5 0 Ross Different starter 

and finisher diets 
Altman and Dittmer (1964) 0-140 1 1 New Hampshire -
Altman and Dittmer (1964) 0-140 1 1 Cornish -
Altman and Dittmer (1964) 0-140 0 1 White Leghorn -
Leeson and Summers (1997) 0-154 0 1 Egg strain -
Leeson and Summers (1997) 0-56 3 0 Broilers -
Leeson and Summers (1997) 0-56 1 0 Broilers -
Leeson and Summers (1997) 0-84 1 0 Broilers -
1 M = male, and F = female; the numbers, under M and F subheadings, refer to the number of data 

profiles from a specific data source 
2 these data are not directly experimental but were produced by compositing and smoothing data 

from various resources 

the same or a different number of parameters. To compare models with the same 
parameters, the following equation was used: 

F - S S . 
ss2 

and for models with different number of parameters the equation used was: 

F = 
(SS, -SS 2 ) / (d f 2 -d f , ) 

SS 2/df 2 

where SS is the sums of squares and df is degrees of freedom. 
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RESULTS 

The applicability of the different growth functions was examined by fitting them 
to the different time course profiles. The results indicated that in all cases, the 
models could be fitted to the females and males growth data without difficulty by 
non-linear regression. Figures 2 and 3 give a sample of the fitted curves, showing 
three different time course profiles for females and males, respectively, fitted using 

Figure 2. Plots of live weight vs. age for females showing three different data profiles. Key: (A) NRC 
(1994), (B) Leeson and Summers (1980), (C) Grey et al.(1982). The numbers 1,2 and 3 represent the 
fit using the Gompertz, the Fabens and the von Bertalanffy equations, respectively 
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Figure 3. Plots of live weight vs. age for males showing three different data profiles. Key: (A) NRC 
(1994), (B) Leeson and Summers (1980), (C) Grey et al.(1982). The numbers 1,2 and 3 represent the 
fit using the Gompertz, the Fabens and the von Bertalanffy equations, respectively 

the different functions. The plots of growth rate (dW/dt) vs age, according to the 
von Bertalanffy equation, are shown in Figure 4. 

Estimates of growth parameters and traits obtained with the different models 
along with the values of RSS, r 2 and standard error (SE) are shown in Tables 3 and 
4 for females and in Tables 5 and 6 for males. Although the analyses were carried 
out for all time course profiles (both male and female data), limitations on space 
prevent the presentation of the results for all of the profiles through Tables 3 to 6. 
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Figure 4. Plots of the estimated values of growth rate, dW/dt, vs. age for the von Bertalanffy equation 
using three different data profiles. Key: (A) NRC (1994), (B) Plavink and Hurwitz (1983), (C) Leeson 
and Summers (1980), (F) Female, and (M) Male 
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Therefore, in Tables 3 to 6 the results for Waldroup et al. (1976), Ajang et al. (1993) 
and Wiseman and Lewis (1998) are shown only for two extreme dietary conditions 
and for the Hancock et al. (1995) only for two strains, Ross 708 and Hybro. The 
statistical criterion of Y2 shows that most of the total variation of growth in body 
weight is accounted for by non-linear regression using the different growth func
tions (r 2>0.99). Tables 3-6 show that for each of the different data profiles there 
was no significantly different fit among the models compared, based on the coeffi
cients of determination ( F 2 ) . However, the RSS values showed significant diffe
rences between the different models in their ability to describe the relationship 
between live body weight and age for the different time course profiles. Based on 
this criterion, fitting the different models to the data, both female and male, led to a 
smaller or the same estimated values of RSS by the von Bertalanffy equation com
pared to the Gompertz and the Fabens. A comparison between the different mo
dels in terms of percentage of cases in which one model was statistically superior 
to the other is shown in Table 7. The results (Table 7) show that the von Bertalanffy 
is superior to the Gompertz and the Fabens, because fitting the von Bertalanffy to 
the different data profiles led to statistical significances in 12 and 50% of cases in 
males and to 54 and 42% of cases in females when compared to the Gompertz and 
the Fabens, respectively. Comparing the estimated values of the final body weight 
for the same data source using the different growth functions (Tables 3-6), with the 
exception of few cases in which the models gave approximately the same estima
ted values, showed that the values are greater for the Fabens than for the von 
Bertalanffy, and are greater for both the Fabens and the von Bertalanffy than for 
the Gompertz. 

TABLE 7 
The statistical significances1 between the models based on the estimated RSS values 

Models Gompertz Fabens von Bertalanffy 

Males 
Gompertz - 292 0 
Fabens 6 - 0 
von Bertalanffy 12 50 -

Females 
Gompertz - 4 0 
Fabens 12 - 0 
von Bertalanffy 54 42 -

1 based on an F test (Motulsky and Ransnas, 1987) 
2 percentage of cases in which the model specified in the row was statistically (P<0.05) superior to 

the model specified in the column 
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Considering the growth rate of the von Bertalanffy equation in males and fe
males (Figure 4), it is evident that values for the maximum gain in weight (g/d), 
which occur at the time to inflexion, are greater for males than for females and that 
the growth rate will approach zero as the birds reach maturity. 

DISCUSSION 

The Gompertz equation has been the function of choice for describing growth in 
broilers in the literature. The Gompertz, however, has the possible limitation of a 
fixed point of inflexion. Therefore, in the present study, the von Bertalanffy equa
tion (a flexible growth function) was evaluated with regard to its ability to describe 
the relationship between body weight and age in broilers, and was compared to its 
limiting cases: the Gompertz and the Fabens equations. 

The purpose of curve fitting is to describe the course of mass increase with age 
by simple equations with few parameters, which in the most useful models are 
biologically interpretable (Ricklefs, 1985). However, there is no single, simple method 
to evaluate similarities and differences between non-linear models and to recom
mend which model should be used (Motulsky and Ransnas, 1987). Hence, the com
parison of the models in this study was carried out according to three criteria: model 
behaviour when fitting the curves using non-linear regression, statistical perfor
mance, and comparison of biologically meaningful parameters estimated by each 
model. 

The results of this study indicated that the different data profiles both male and 
female can be described by the different growth functions with a very high degree 
of accuracy (r 2>0.99). However, in spite of this similarity there are some impor
tant differences between the growth functions. Although, fitting the Gompertz and 
the Fabens to the different data profiles led to statistically very significant parame
ters (parameters with significantly lower standard errors at PO.0001) in all cases, 
fitting the von Bertalanffy to the same data profiles resulted in 91%, 76%, 12% and 
85% significant parameters in males and to 92%, 81%, 35% and 77% significant 
parameters in females for Wp WQ, X) and k, respectively. But, since the estimated 
standard error of the parameters are based on linearizing assumptions and will 
always underestimate the true uncertainty of any nonlinear equation, these values 
should not be taken into account too seriously (Motulsky and Ransnas, 1987). With 
the logistic (results not shown), for example, the RSS values and biologically mean
ingful parameters did not suggest a suitable fit to the different data profiles, but 
fitting the equation in all cases led to statistically very significant parameter esti
mates. Comparisons based on the statistical significances between the estimated 
RSS values (Table 7) indicated that there are significant differences between the 
models. Here the really interesting choice lies between the generalized von Berta-
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lanffy model and its special cases, the Gompertz and the Fabens. Based on this 
criterion and dependent on the sex (for female more than male data profiles), the 
von Bertalanffy showed superiority to the Gompertz and the Fabens. The results, 
especially for females, show the point of inflexion based on the von Bertalanffy 
equation occurred between 0.296 and 0.357 of final weight, confirming the initial 
assumption of the possible limitation of a fixed point of inflexion with the Gompertz 
equation. 

In conclusion, the results of this study confirmed our initial reservation about the 
adoption a single growth function with a fixed point of inflexion for describing the 
relationship between live body weight and age in broilers. Therefore, consideration 
of flexible growth functions such as von Bertalanffy equation as an alternative to 
the Gompertz is recommended. This recommendation is based on model testing 
and evaluation, an essential part of the model development process. 
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STRESZCZENIE 

Zastosowanie rownania von Bertalanffy'ego do opisu wzrostu brojlerow 

Przyrosty masy ciala brojlerow sa. opisywane w literaturze zazwyczaj przy pomocy rownania 
(krzywej) Gompertza. Przedmiotem przeprowadzonych badah jest ocena przydatnosci rownania 
von Bertalanffy'ego do opisu zaleznosci mie^dzy masâ  ciala i wiekiem brojlerow w porownaniu z 
innymi metodami (rownania Gompertza i Fabensa). Analiza^ objeto 60 zestawow danych pochodza -̂
cych z roznych populacji, takich jak: brojlery (obu plci), rody miê sne i niesne. Analiza porownawcza 
opierala sie_ na kryteriach adekwatnosci modelu - wielkosci estymatorow wybranych parametrow 
(wariancji ble_du i wspolczynnika determinacji). Uzyskane wyniki, opieraja^ce sie_ na analizie sum 
kwadratow dla ble^du, potwierdzaja^ wczesniejsze przypuszczenia dotycza^ce mozliwosci aplikacyj-
nych rownania (krzywej) Gompertza dla iloczynu ustalonego punktu nachylenia (1/e = 0.368) i masy 
ciala. Tendencja ta jest szczegolnie widoczna w przypadku osobnikow zenskich. W przypadku 
analizowanych zestawow danych, punkt nachylenia w rownaniu von Bertalanffy'ego osiajmaj wiek-
szâ  efektywnosc, od 0.296 do 0.357, niz w przypadku rownan Gompertza i Fabensa. 




